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Three-dimensional test results for frictional materials such as soils, concrete, and rock show that the shapes of their fail-
ure surfaces are inﬂuenced by the intermediate principal stress, shear banding, and cross-anisotropy (transverse isotropy).
A general 3D failure criterion for cross-anisotropic soils for both non-rotating and rotating stresses is presented and com-
pared with experimental results for sand, clay, and sea ice. The formulation relates the loading direction to the principal
directions of the cross-anisotropic microstructure of the material. The criterion is based on a function of stress, previously
used as the 3D failure criterion for isotropic frictional materials, which is set equal to a scalar that varies over a sphere. The
formulation is specialized for true triaxial tests and torsion shear tests and determination of material parameters is demon-
strated. The failure criterion is compared with experimental results from the literature to show that it is able to capture the
conditions obtained in three-dimensional experiments without and with stress rotations. The limitations of the criterion are
demonstrated by its failure to capture the behavior of some cross-anisotropic materials with particular micro-structures, and
the reasons for the shortcomings are discussed.
 2007 Elsevier Ltd. All rights reserved.
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triaxial tests1. Introduction
Results of three-dimensional tests show that the shape of the failure surface for frictional materials is inﬂu-
enced by the intermediate principal stress, shear banding, and cross-anisotropy (transverse isotropy). It has
long been known that the failure condition is inﬂuenced by the intermediate principal stress. Experiments have
been performed and several expressions for three-dimensional failure criteria have been proposed to include
the eﬀect of the intermediate principal stress for isotropic frictional materials such as soils, rock, and concrete.
Experiments on sand have shown that shear banding plays an important role in the shape of the 3D failure
surface (Wang and Lade, 2001), and analysis of shear banding under 3D conditions indicated that the isotro-
pic failure criterion for homogeneous deformations played an important role in the prediction of shear band-
ing (Lade, 2003). This isotropic criterion describes failure as occurring by a smooth peak in the stress–strain0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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ing regime of the stress–strain behavior in the mid-range of b-values [b = (r2  r3)/(r1  r3)], in which r1, r2,
and r3 refer to the major, intermediate and minor principal stresses] from about 0.18 to approximately 0.85. In
this range both the experiments and the analysis showed that the friction angles were lower than those implied
by the isotropic failure criterion. Thus, the onset of shear banding occurs before a smooth peak is reached in
the stress–strain relation and the peak stress is the result of shear banding which occurs in the mid-range of b-
values. For b-values outside this range, the smooth peak is part of the homogeneous constitutive response, and
shear banding is triggered in the softening regime, but then plays no role in establishing peak failure. This
could only have been predicted correctly by employing an isotropic failure criterion for failure under homo-
geneous strain conditions (not inﬂuenced by shear banding) in the framework for the constitutive model used
to predict the shear bands. Thus, the 3D failure surface is not continuous and cannot be described by a single
expression, but may be obtained by combining the continuous failure surface with results of predictions of
shear banding.
The experiments for which these conclusions were reached were performed in the ﬁrst sector of the octahe-
dral plane (in which 0 6 h 6 60) on pluviated sand specimens with horizontal bedding planes. Thus, the
major principal stress was always perpendicular to the bedding planes in these tests. Experiments performed
in all three sectors of the octahedral plane (in which 0 6 h 6 180) indicated that pluviated sand with hori-
zontal bedding planes (in which the principal stresses are aligned with and perpendicular to the bedding
planes) exhibited cross-anisotropy (transverse isotropy) with lower strength in the horizontal directions than
in the vertical direction (Abelev and Lade, 2004). The failure surface is therefore symmetric around the vertical
principal stress axis in the octahedral plane. These 3D experiments also showed that the friction angle in tri-
axial extension at h = 180 is substantially lower than the friction angle in triaxial extension at h = 60. Fur-
ther, the experiments performed in all three sectors of the octahedral plane showed that shear banding
occurred in the hardening regime for b-values in the mid-ranges of each sector, therefore producing lower fric-
tion angles in these ranges than indicated by a continuous failure surface.
It is necessary to formulate an appropriate failure criterion to incorporate in a constitutive model for pre-
diction of shear banding in cross-anisotropic soils. A criterion was proposed by Abelev and Lade (2004) for
cross-anisotropic sand. This criterion was formulated by rotating the isotropic failure surface around the stress
origin in the principal stress space. This produced a failure surface that captured the homogeneous behavior of
cross-anisotropic soil as obtained by true triaxial tests and shown in an octahedral plane in Fig. 1. However,
this criterion is not able to deal with eﬀects of stress rotations in a cross-anisotropic soil, i.e., rotation of the
principal stress directions relative to the horizontal bedding planes in pluviated sand.
Presented here is a formulation of a completely general 3D failure criterion for cross-anisotropic frictional
materials for both non-rotating and rotating principal stresses. It is compared with experimental results from
the literature to show that it is able to capture the conditions obtained in true triaxial tests without stress rota-
tions as well as the conditions in torsion shear tests performed to study eﬀects of stress rotation. The limita-
tions of this criterion for materials with certain particular microstructures are also discussed.
In the presentation below, directions and relative magnitudes of principal stresses as well as directions of
material axes are indicated by indices as shown in several diagrams. Indices x, y, and z are used for directions
of principal stresses when their relative magnitudes are interchangeable, while indices 1, 2, and 3 are used for
principal stresses to indicate their relative magnitude (r1 = major, r2 = intermediate, and r3 = minor principal
stresses). Indices 1, 2, and 3 are also used to indicate material axes with the 2-direction being vertical and per-
pendicular to the horizontal (1–3) bedding plane. When double indices are used, they indicate normal and
shear stresses, but principal stresses are not implied by e.g., r22 (= normal stress on 2-plane in 2-direction).
2. Cross-anisotropic failure criterion
2.1. Loading direction
To formulate a failure criterion for cross-anisotropic soils it is necessary to specify the direction of loading
relative to the microstructure directions of the material. A coordinate system is therefore aligned with the
material axes, as shown on Fig. 2, and the loading direction is deﬁned by a unit vector (‘1, ‘2,‘3) as proposed
Fig. 1. Experimental strength results of true triaxial tests on dense Santa Monica Beach sand with cross-anisotropic fabric shown in
octahedral plane (after Abelev and Lade, 2004). For the experimental results shown, the principal stress directions, rx, ry, and rz, are
aligned with the material axes.
Fig. 2. Depiction of components of loading direction relative to axes of material microstructure.
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terized by normals 1, 2, and 3 are calculated as:L1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ










r231 þ r232 þ r233
q
ð1cÞThe generalized loading vector may then be expressed asLi ¼ L1  eð1Þi þ L2  eð2Þi þ L3  eð3Þi ¼ ðL1; L2; L3Þ ð2Þand the loading direction is then speciﬁed by a unit vector relative to the material axes
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L21 þ L22 þ L23
q ð3Þ2.2. Failure criterion for anisotropic materials
Based on stress invariants and joint invariants of stress and microstructure, Pietruszczak and Mroz (2000,
2001) formulated a failure criterion for anisotropic materialsf ¼ g ¼ g0  ð1þ Xij‘i‘jÞ ð4Þ
Here f is a function of stresses usually employed to describe a failure criterion, and g describes the three-di-
mensional variation of a scalar over a sphere. The average value of g is equal to g0 (= the radius of the sphere)
and Xij describes the deviation in three dimensions from the sphere. For an orthotropic material Xij has two
distinct eigenvalues, and for a cross-anisotropic material one scalar value is suﬃcient to describe the rotation-
ally symmetric shape that characterizes such a material. The axis of rotation is oriented in the direction of the
normal to the bedding planes for this material, i.e., the 2-direction in Fig. 2. For an isotropic material Xij van-
ishes, and therefore g = g0 = constant.
The expression in Eq. (4) may also be written asg ¼ g0ð1þ X1‘21 þ X2‘22 þ X3‘23Þ ð5Þ
in which (‘1, ‘2, ‘3) deﬁnes the loading direction relative to the material axes as given in Eq. (3).2.3. Failure criterion for cross-anisotropic materials
For a cross-anisotropic material the strengths in the directions of the bedding planes are the same and
therefore X1 = X3, and since X1 + X2 + X3 = 0 and ‘
2
1 þ ‘22 þ ‘23 ¼ 1, then the expression for a cross-anisotrop-
ic material becomesf ¼ g0  1þ X1ð1 3‘22Þ
  ð6Þwhere g0 and X1 are constant material parameters. The average value of g is equal to g0 = the radius of a
sphere, as shown projected on the octahedral plane in Fig. 3, and the factor g ¼ ½1þ X1ð1 3‘22Þ, which is
controlled by the scalar material parameter X1 and the loading direction ‘2, describes the deviation in two
dimensions from the sphere (circle in octahedral plane). Thus, the right hand of Eq. (6) describes a shape that
is symmetric with regard to the vertical 2-direction, as indicated in Fig. 3. The parameters used to construct
the diagram in Fig. 3 are those determined for Santa Monica Beach sand tested in true triaxial tests, as dis-
cussed below.2.4. Failure criterion for cross-anisotropic soils
Combining the expression in Eq. (6) with the expression for the isotropic three-dimensional failure criterion









¼ g0 1þ X1ð1 3‘22Þ
  ð7Þ
in which I1 and I3 are the ﬁrst and the third invariants of the stress tensor, and pa is atmospheric pressure in the
same units as I1.
For cross-anisotropic materials tested in common laboratory experiments in which up to 3 diﬀerent,
orthogonal normal stresses and one shear stress can be applied (in the 1–2 plane in Fig. 2), the expression
for ‘2 becomes
Fig. 3. Variation of factor g ¼ g0½1þ X1ð1 3‘22Þ indicated by the symmetric shape (around the 2-direction) on the octahedral plane for
dense Santa Monica Beach sand tested in true triaxial tests.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2y sin
2 bþ r2z cos2 b
r2x þ r2y þ r2z
vuut ð8Þin which (rx,ry,rz) are principal stresses as indicated in Fig. 4. Practical experimental equipment as employed
for torsion shear tests performed on hollow cylindrical specimens allows shearing in the 1–2 plane, but pre-
cludes shearing in the 1–3 plane shown in Fig. 2.3. Formulation for experimental conﬁgurations
3.1. True triaxial tests
For true triaxial tests the principal stresses are inclined at b = 0 and the specialized expressions for the fail-
ure criterion for cross-anisotropic materials for each of the three sectors of the octahedral plane are obtained
by permutation of the indices. The results are presented in terms of the major principal stress ratioFig. 4. Principal stress conditions possible in true triaxial and torsion shear tests.
Fig. 5.
tests to
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r3
ð9Þand the value of b given byb ¼ r2  r3
r1  r3 ð10ÞThe b-value varies from b = 0 at triaxial compression to b = 1 at triaxial extension in each of the 3 sectors
shown on the octahedral plane in Fig. 5. In this ﬁgure the major, intermediate and minor principal stresses are
indicated by r1, r2, and r3, respectively, and shown in orientation relative to the bedding planes of the spec-
imen for each of the 3 sectors.
The expressions for ‘22 in these sectors are as follows:
Sector I:‘22 ¼
R2
R2ð1þ b2Þ þ 2Rðb b2Þ þ ð2 2bþ b2Þ ð11aÞ
For triaxial compression : b ¼ 0 : ‘22 ¼
R2
R2 þ 2 ð11bÞ
For triaxial extension : b ¼ 1 : ‘22 ¼
R2
2R2 þ 1 ð11cÞApplication of major, intermediate and minor principal stresses, r1, r2, and r3, to specimen with bedding planes in true triaxial
achieve testing in all three sectors of octahedral plane.
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b2Rþ 2Rðb b2Þ þ ð1 2bþ b2Þ
R2ð1þ b2Þ þ 2Rðb b2Þ þ ð2 2bþ b2Þ ð12aÞ
For triaxial compression : b ¼ 0 : ‘22 ¼
1
R2 þ 2 ð12bÞ
For triaxial extension : b ¼ 1 : ‘22 ¼
R2
2R2 þ 1 ð12cÞSector III:‘22 ¼
1
R2ð1þ b2Þ þ 2Rðb b2Þ þ ð2 2bþ b2Þ ð13aÞ
For triaxial compression : b ¼ 0 : ‘22 ¼
1
R2 þ 2 ð13bÞ
For triaxial extension : b ¼ 1 : ‘22 ¼
1
2R2 þ 1 ð13cÞNote that Eqs. (11c) = (12c) and Eqs. (12b) = (13b). Thus, the failure surface is continuous across the project-
ed coordinate axes in the octahedral plane shown in Fig. 5.
3.2. Torsion shear tests
For torsion shear tests with the same inside and outside cell pressure, this cell pressure is always the inter-
mediate principal stress, rx = r2, and the inclination b of the major principal stress relates to the b-value
according to sin2b = b. The expression for ‘22 from Eq. (8) therefore becomes‘22 ¼
R2ð1 bÞ þ b
R2ð1þ b2Þ þ 2Rðb b2Þ þ ð2 2bþ b2Þ ð14aÞ
For triaxial compression : b ¼ 0 : ‘22 ¼
R2
R2 þ 2 ð14bÞ
For triaxial extension : b ¼ 1 : ‘22 ¼
1
2R2 þ 1 ð14cÞNote that for b = 0 Eqs. (14b) = (11b), i.e., conventional triaxial compression in sector I, and for b = 1 Eqs.
(14c) = (13c), i.e., conventional triaxial extension in sector III. These are the only two comparable stress states
for torsion shear tests and true triaxial tests.
4. Parameter determination
The cross-anisotropic characteristics that are present in a given material may change with the stress state as
they do in soil deposits. Thus, Lade and Abelev (2005) showed that isotropic compression of initially cross-
anisotropic deposits of Santa Monica Beach sand at diﬀerent densities all lost these characteristics and became
isotropic at high pressures. A gradual decrease in the cross-anisotropic behavior occurred with increasing iso-
topic pressure. If the stresses had been increased under K0-conditions (in which K0 = rhorizontal/rvertical for the
condition of zero strain in any horizontal direction, i.e., the usual state of stress in horizontal ground), then
another cross-anisotropic state would have been reached at high pressures. Therefore, it is not possible to
determine parameters once and for all that characterize the cross-anisotropic behavior of the soil at all states
of stress. However, it is possible to determine parameters for the behavior in the vicinity of the stress states at
which the given soil deposit has been tested, but these parameters may not apply if the stress state is changed
substantially away from those employed in the experiments.
To obtain reliable parameters for the failure criterion, it is important to choose sets of test data that clearly
contain the cross-anisotropic characteristics between them. For example, results of triaxial compression tests
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tics, while results from triaxial compression and extension tests from the ﬁrst sector will mainly exhibit isotro-
pic characteristics, even if other results indicate that the material is clearly cross-anisotropic. However, results
from conventional triaxial compression (in sector I) and conventional triaxial extension tests (in sector III) will
clearly represent the cross-anisotropic behavior. Any two sets of data produced with widely diﬀerent stress
states at failure relative to the orientation of the material microstructure will suﬃce for determination of
appropriate parameters.4.1. Parameters from triaxial compression tests on soils
To determine all three parameters, g0, m, and X1 in the expression for the failure criterion for soils in Eq.
(7), it is preferable to have results from 3 triaxial compression tests on vertical specimens (conventional tests)
and 3 triaxial compression tests on horizontal specimens. The results for the dense Santa Monica Beach sand
shown in Fig. 1 will be used to demonstrate this approach. In connection with the study of cross-anisotropy of
dense Santa Monica Beach sand presented by Abelev and Lade (2004), drained triaxial compression tests were
performed on cubical specimens with diﬀerent conﬁning pressures in the ﬁrst sector and one test was conduct-
ed in the third (and second) sector. The results from the ﬁrst sector are used to determine the values of g1 and
m, as shown in Fig. 6. These parameters are obtained by plotting ðI31=I3  27Þ versus pa/I1 on log–log scales
and determining the best ﬁtting line, which is then characterized by the intercept, g1, with pa/I1 = 1, and by the
geometric slope, m. The value of m characterizes the curvature of the failure surface in meridian planes. It is
assumed that the curvature for results from horizontal specimens shown in the third sector is the same as the
curvature for vertical specimens shown in the ﬁrst sector, m = 0.20. The point corresponding to the result of
the triaxial compression test from the third sector is then employed to locate the parallel line, as seen in Fig. 6.
The diagram shows that for vertical specimens, g1v = 78, while for horizontal specimens, g1h = 62.
To obtain the values of g0 and X1 corresponding to the range of stresses in which the experiments were per-
formed, as explained above, the values of g1 are adjusted to correspond to I1/pa = 4.0. Thus, for vertical spec-
imens gv = 59.1, while for horizontal specimens, gh = 47.0. Then two linear equations are solved based on the
right hand side of Eq. (7). In this expression the values of ‘22 are obtained from Eq. (11b) for sector I and from
Eq. (13b) for sector III. In these expressions it is necessary to know the principal stress ratios at failure, R. The
values of g determined from the vertical and the horizontal specimens are employed for determination of the
R-values. This is done by solving the cubical equation based on the left hand side of Eq. (7) for triaxial com-
pression conditionsFig. 6.
denseDetermination of parameters g1 and m from triaxial compression tests on three vertical specimens and one horizontal specimen of
Santa Monica Beach sand.
Fig. 7.
triaxia
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I3
 27 ¼ ðr1 þ 2r3Þ
3
r1  r23
 27 ¼ ðRþ 2Þ
3
R
 27 ¼ g ð15ÞThe relation between R and g may be determined once and for all for easy determination of R = f(g). The val-
ues of Rv = 6.000 and Rh = 5.340 are obtained from Eq. (15) and then substituted into Eqs. (11b) and (13b),
which in turn are the bases for the two linear equations from the right hand side of Eq. (7). The two linear
equations are then solved for the unknowns, g0 and X1.
Performing the operations indicated above results in g0 = 50.97 and X1 = 0.0866 for the dense
Santa Monica Beach sand. Fig. 3 shows the variation of the term on the right hand of Eq. (7) for these
parameters.4.2. Parameters from triaxial compression and extension tests
Parameters may also be determined from conventional triaxial compression tests and a conventional triax-
ial extension test. To demonstrate this approach the data from a series of undrained true triaxial tests on San
Francisco Bay Mud tested in all three sectors of the octahedral plane shown in Fig. 5 will be employed. The
specimens were carved from large intact block samples and isotropically consolidated before shearing under
three-dimensional conditions (Kirkgard and Lade 1991,1993). Based on eﬀective stresses at failure of the ver-
tical specimens tested in triaxial compression (b = 0, sector I) at four diﬀerent consolidation pressures, Fig. 7
shows the determination of the intercept, g1c = 47.0, with I1/pa = 1.0 and the slope m = 0.64.
With the assumption that the curvature for results from specimens tested in conventional triaxial extension
(b = 1, sector III) is the same as the curvature for vertical specimens shown in the ﬁrst sector, a straight line
with slope m = 0.64 is drawn through the point corresponding to the available result for the extension test, as
shown in Fig. 7. The diagram shows that for horizontal specimens, g1e = 22.5.
To obtain the values of g0 and X1 corresponding to the range of stresses in which the experiments were per-
formed, the values of g1 are adjusted to correspond to I1/pa = 2.0 which represents the average value at failure
for the three-dimensional experiments on San Francisco Bay Mud. Thus, for triaxial compression gc = 30.1,
while for triaxial extension ge = 14.5. Then two linear equations are solved based on the right hand side of Eq.
(7). In this expression the values of ‘22 are obtained from Eq. (11b) for sector I and from Eq. (13c) for sector
III. In these expressions it is necessary to know the principal stress ratios at failure, R. The values of g
determined from the triaxial compression and the extension specimens are employed for determination of
the R-values. This is done by solving the cubical equation based on the left hand side of Eq. (7) for triaxial
compression conditions.
The value of Rc = 4.225 is obtained from Eq. (15) for gc = 30.1, and the value of Re is obtained by solving
the cubical equation based on the left hand side of Eq. (7) for triaxial extension conditions:Determination of parameters g1 and m from conventional undrained triaxial compression tests and one conventional undrained
l extension test on San Francisco Bay Mud.
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I3
 27 ¼ ð2r1 þ r3Þ
3
r21  r3
 27 ¼ ð2Rþ 1Þ
3
R2
 27 ¼ g ð16ÞEq. (16) produces Re = 3.460 for ge = 14.5. The two R-values are then substituted into Eqs. (11b) and (13c),
which in turn are the bases for the two linear equations from the right hand side of Eq. (7). The two linear
equations are then solved for the unknowns, g0 and X1.
Performing the operations indicated above results in g0 = 19.82 and X1 = 0.305 for the San Francisco Bay
Mud.
4.3. Parameters from any set of test data containing suﬃcient information
It is possible to determine the three parameters, m, g0, and X1 from any type of experiments, as long as the
salient information is contained in the two data sets involved in the calculations. It is necessary to follow the
procedures demonstrated above for the cases of obtaining the data from (1) conventional triaxial compression
tests on vertical specimens and either (2a) triaxial compression tests on horizontal specimens or (2b) conven-
tional triaxial extension tests on vertical specimens. It should also be recalled that the shear strengths from
experiments in the mid-ranges of b-values may be aﬀected by shear banding and these strengths are therefore
not representative of the homogeneous deformation required for the failure criterion for cross-anisotropic
soils. The occurrence of shear banding is a discrete event that cannot be included in a failure criterion for
homogeneous deformations and smooth peak failure. The test data employed should therefore be produced
near b = 0 and/or b = 1.
5. Comparison with 3D test results
5.1. True triaxial tests
5.1.1. Sand
Comparisons of test data with failure criterion for the dense Santa Monica Beach sand are indicated in
Fig. 8. The material parameters were determined from triaxial compression tests on vertical specimens and
one triaxial compression test on a horizontal specimen, as shown in Fig. 6. The comparisons in Fig. 8 are
shown as friction angles, u, versus b-values. The experimental results and the predictions from the failure cri-
terion for cross-anisotropic soils are shown on the same u–b diagram for all three sectors. The diagram indi-
cates a good ﬁt for the homogeneous results near b = 0 and b = 1, while the data in the mid-ranges of b-values
in all three sectors clearly shows the eﬀects of shear banding in the hardening regime, thus resulting in lower
friction angles than obtained from the tests with homogeneous deformations. The criterion indicates a friction
angle in conventional triaxial extension (b = 1, sector III) that is 1.5 higher than measured, a result that is
acceptable in view of the fact that only the triaxial compression tests were used for parameter determination.
The proposed failure criterion for the dense cross-anisotropic Santa Monica Beach sand essentially traces the
same surface on the octahedral plane as that shown in Fig. 1.
The most noticeable diﬀerence between the experimental failure points and the failure criterion, exhibited in
Figs. 1 and 8, occurs in the mid-ranges of b where shear banding plays an important role for the shear
strength. To analyze the occurrence of shear banding for the dense Santa Monica Beach sand, the homoge-
neous failure criterion for cross-anisotropic soils presented here is required in the constitutive model to be used
for such analyses.
Fig. 3 shows the variation of the term on the right hand of Eq. (7) for the parameters g0 = 50.97 and
X1 = 0.0866 determined for the dense Santa Monica Beach sand tested in true triaxial tests.
5.1.2. Isotropically consolidated san Francisco Bay Mud
Comparison between the proposed cross-anisotropic failure criterion and the experimental results for the
true triaxial tests on San Francisco Bay Mud is shown on the u–b diagram in Fig. 9. In this case the material
parameters were determined from conventional triaxial compression tests (b = 0, sector I) and a single conven-
tional triaxial extension test (b = 1, sector III), as shown in Fig. 7. The ﬁt between criterion and experimental
Fig. 8. Comparison of failure criterion with true triaxial test data for cross-anisotropic, dense Santa Monica Beach sand tested in all three
sectors of the octahedral plane.
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occur. This region is furthest away from the points used for parameter determination. Nevertheless, the failure
criterion captures the overall cross-anisotropic nature of the San Francisco Bay Mud as tested in three
dimensions.Fig. 9. Comparison of failure criterion with true triaxial test data for isotropically consolidated San Francisco bay mud tested in all three
sectors of the octahedral plane.
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Appropriate parameters have been determined by the procedure reviewed above for comparison with the
results of 34 drained torsion shear tests on medium dense Santa Monica Beach sand (e = 0.68 corresponding
to a relative density of 70%) presented by Lade et al. (2006a,b). The hollow cylinder specimens employed in
these tests were sheared with the same inside and outside pressure, while vertical deviator stresses and torsion
shear stresses were applied at the ends. In these tests the major principal stress is inclined with the axis of the
hollow cylinder according to the relation between the deviator and the shear stresses, and the value of b is
related to the r1-inclination, b, according to b = sin
2b. Thus, b = 0.0 for b = 0, and b = 1.0 for b = 90. These
conditions correspond to those in conventional triaxial compression (sector I) and conventional triaxial exten-
sion tests (sector III). To achieve results for b-values between 0.0 and 1.0, experiments were performed with r1-
inclinations from 0 to 90. The results of these tests showed considerable scatter, especially at higher b-values,
as shown in Fig. 10. It is clear that the strengths correspond to those of a cross-anisotropic material, but they
cannot be indicated in the sectors on the octahedral plane. Only the conventional triaxial compression and
extension results can be shown on the octahedral plane, and they correspond to the top point in sector I
and to the bottom point in sector III.
The parameters for the failure criterion for torsion shear tests were determined from a triaxial compression
test in sector I and a triaxial extension test in sector III, i.e., both conventional types of tests performed on the
hollow cylinder specimens employed in the torsion shear apparatus. Data were not available for determination
of the curvature of the failure surface, and therefore the parameter m = 0. The parameters for modeling the
cross-anisotropic behavior were determined to be g0 = 26.55 and X1 = 0.240. These values are based on fric-
tion angles of ucomp = 40.7 and uext = 38.4, i.e., the friction angle in extension is somewhat lower than the
friction angle in compression for the torsion shear tests, thus indicating a signiﬁcant amount of cross-anisot-
ropy in the sand specimens created by dry pluviation.
As may be seen from the u–b diagram in Fig. 10, the failure criterion ﬁts the data well in the range of b-
values from 0.0 to about 0.3 in which homogeneous deformations occurred up to smooth peak failure. Beyond
b = 0.3, which is approximately the condition in plane strain tests, shear banding in the hardening regime
resulted in lower friction angles than indicated by the failure criterion for the cross-anisotropic sand, which
models the homogeneous behavior. Thus, with the provision of the occurrence of shear banding in the
mid-range of b-values, the proposed failure criterion for cross-anisotropic sand appears to ﬁt the test data well.Fig. 10. Comparison of failure criterion with torsion shear test data for medium dense, cross-anisotropic Santa Monica Beach sand. Shear
banding in the hardening regime reduces friction angles in mid-ranges of b-values.
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Not all data sets will ﬁt the proposed failure criterion for cross-anisotropic frictional materials, because spe-
cial features of the material dominate the measured behavior. Two examples are given below.6.1. Sea ice
Sea ice, formed on the surface of the ocean, consists mainly of closely ﬁtted vertical columnar ice crystals, as
shown in Fig. 11. With its columnar arrangement, the sea ice exhibits strong cross-anisotropic behavior with
lower strengths in horizontal directions than in vertical directions. The horizontal strength increases with con-
ﬁning pressure, thus revealing its frictional nature, as discussed by Lade (2002). Fig. 12 shows typical biaxial
strength envelopes in the horizontal plane (i.e., the plane of the ice ﬂoe) and in the vertical plane. The uniaxial
strength in the vertical direction is in this case 5–6 times higher than the uniaxial strength in the horizontal
direction. The shape of the three-dimensional failure surface is indicated in Fig. 13. This horizontally narrow
and vertically oblong shape cannot be modeled by the proposed failure criterion for cross-anisotropic friction-
al materials. However, the strength is strongly dependent on the strain rate at which it is loaded and the tem-
perature at which it is tested. Fig. 14 shows eﬀects of strain rate and temperature on the shape of the failure
surface in the horizontal biaxial plane. While the wide shape observed at low strain rates, shown on Fig. 14(a),
may be modeled by the failure criterion, the ﬂexibility required to capture the variable shape indicated in
Fig. 14 is simply not present in the criterion and would require a more extensive framework with several addi-
tional material parameters. Thus, the strongly cross-anisotropic and variable failure surface of sea ice cannot
be modeled by the proposed failure criterion.6.2. K0-Consolidated San Francisco Bay Mud
In addition to the experiments presented above for true triaxial compression on isotropically consolidated,
intact San Francisco Bay Mud, a series of undrained torsion shear tests were performed on hollow cylinder
specimens carved from the large, cylindrical, intact samples taken from the natural clay deposits in the San
Francisco Bay (Lade and Kirkgard, 2000). These specimens were consolidated under K0-conditions, and
the results of the torsion shear tests in which stress rotation occurs were substantially diﬀerent from the results
for the isotropically consolidated cubical specimens tested in true triaxial tests without stress rotation. The
cubical specimens and the hollow cylinder specimens were carved from the same large samples, but they were
consolidated under diﬀerent stress states. While the K0-consolidated hollow cylinder specimens appeared to
retain their original clay particle fabric, the isotropically consolidated specimens showed signs of fabric alter-
ations and weakening (Lade and Kirkgard, 2000). Consequently, the results were quite diﬀerent for the twoFig. 11. Macroscopic structure of sea ice with vertical columns of closely ﬁtted ice crystals.
Fig. 12. Comparable biaxial strength envelopes in (a) horizontal X1–X2 planes and (b) vertical X1–X3 planes (after Lade, 2002; data from
Schulson and Nickolayev, 1995).
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ure, as indicated by the eﬀective stress paths shown on the triaxial plane in Fig. 15 for the triaxial compression
and extension tests performed on the San Francisco Bay Mud.
As for the torsion shear tests on Santa Monica Beach sand, the parameters for the failure criterion in Eq.
(7) were determined from the friction angles obtained from the conventional triaxial compression and conven-
tional triaxial extension tests performed on hollow cylinder specimens whose eﬀective stress paths are shown in
Fig. 15. Insuﬃcient data were available to determine the curvature of the failure surface for the K0-consoli-
dated Bay Mud, and m = 0 was therefore employed. However, the eﬀective mean normal stresses at failure
were closely the same and I1/pa = 3 Æ rm/pa = 3.0 for the triaxial compression and extension tests, as seen in
Fig. 15. Thus, for friction angles of ucomp = 34 and uext = 50, the parameters for modeling the cross-aniso-
tropic behavior were determined to be g0 = 36.62 and X1 = 0.269.
Note that the value of X1 is positive, indicating that the strength is higher in the horizontal than in the ver-
tical direction. This unusual behavior is supported by the high friction angle in conventional extension in sec-
tor III of 50. This is much higher than the expected value of 38.6 for an isotropic material with a friction
angle in compression of 34. Further support for this high strength in extension is obtained from the other
torsion shear tests, which together produce a regular pattern that ﬁts with the high strength in extension,
as shown in Fig. 16. Lade and Kirkgard (2000) also showed that a somewhat similar variation in strength
as indicated for the Bay Mud was obtained for K0-consolidated kaolin tested in torsion shear. Thus, it is dif-
ﬁcult to dispute the experimental results for the torsion shear tests on San Francisco Bay Mud.
The failure criterion for cross-anisotropic behavior is also plotted on Fig. 16. It is clearly seen that the cri-
terion does not model very well the observed cross-anisotropic behavior of the K0-consolidated San Francisco
Bay Mud. Although ﬁtted to the friction angles at the two ends of the diagram, the criterion simply fails to
capture the initial ﬂat strength curve for low b-values, as well as the gradual increase in friction angle at higher
b-values. The behavior observed in the torsion shear tests at low b-values may relate to sliding on the plate-like
clay particles present in the Bay Mud with very little inﬂuence of the intermediate principal stress, while the
plate-like structure may buckle up at high b-values and produce higher strengths. Both conjectured phenom-
ena cannot be captured by the proposed failure criterion.
Thus, although the two materials reviewed above clearly exhibit cross-anisotropic behavior, the particular
structures of the micro-fabrics inside the sea ice and inside the K0-consolidated San Francisco Bay Mud cause
the materials to behave in ways that are not in accordance with the failure criterion for cross-anisotropic mate-
rials proposed here.
Fig. 13. (a) Overview of principal stress space with failure surface for an isotropic cohesive-frictional material. Experimental results for sea
ice shown in (b) triaxial plane, (c) principal stress space with traces in three biaxial planes, and (d) octahedral plane (after Lade, 2002; data
from Schulson and Nickolayev, 1995).
Fig. 14. Biaxial strength envelopes in horizontal X1–X2 planes showing (a) eﬀects of strain rate and (b) eﬀects of temperature (after Lade,
2002; data from Schulson and Nickolayev, 1995).
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A general 3D failure criterion for cross-anisotropic soils for both non-rotating and rotating stresses is pre-
sented. The formulation is compared with experimental results from the literature to show that it is able to
Fig. 15. Eﬀective stress paths in triaxial plane for undrained triaxial compression and extension tests with initial isotropic and K0-
consolidation performed on San Francisco Bay Mud (after Lade and Kirkgard, 2000).
Fig. 16. Comparison of eﬀective friction angles from undrained torsion shear tests on K0-consolidated San Francisco Bay Mud.
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sion shear tests performed to study the eﬀects of stress rotation.
The formulation of the failure criterion is based on an isotropic criterion for which the material constant is
taken to vary with the direction of loading in three dimensions. The loading direction is deﬁned and included
in the formulation of the failure criterion for cross-anisotropic soils.
Determination of the three material parameters, m, g0, and X1 for the failure criterion is demonstrated for
the two most likely conditions, namely based on data from (1) conventional triaxial compression tests on
vertical specimens and either (2a) triaxial compression tests on horizontal specimens or (2b) conventional
triaxial extension tests on vertical specimens. Other experiments may be employed, but the shear strengths
5162 P.V. Lade / International Journal of Solids and Structures 44 (2007) 5146–5162from experiments in the mid-ranges of b-values may be aﬀected by shear banding and these strengths are there-
fore not representative of the homogeneous deformation required for the failure criterion for cross-anisotropic
soils. The test data employed should therefore be produced near b = 0 and/or b = 1.
The limitations of the criterion are demonstrated by its failure to capture the behavior of some cross-an-
isotropic materials with particular micro-structures, and the reasons for the shortcomings are discussed.
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